The Brownian gradient function of a harmonic function u in the unit disc is shown to be distributionally about as large as the classical area function of u. This distribution function inequality strengthens some integral inequalities of Burkholder and Gundy. The two maximal functions have been shown to be still more strongly related in [1] , where it is proved that there are positive constants c' and C
It is known that for a large class of functions O, including all powers <t>(X)=Xv, p>0, there are positive constants c, C depending only on a and <t> but not on u such that $1* <5>(Aa(u)) dx, ft" ®(N,(u)) dx, and E<í>(S(u)) all lie between cE<b(u*) and C£0(«*), that is, the four functions are <D-equivalent. See [1] and [2] .
The two maximal functions have been shown to be still more strongly related in [1] , where it is proved that there are positive constants c' and C [January depending only on a such that, for X>0, (1) c'P(u* >X)< m(N"(u) > X)<: C'P(u* > X).
Here the following one-sided distribution function inequality for the area function will be proved. is true ifX is a positive number and u is harmonic on D.
Inequality (2) immediately implies
for the class of functions 0 mentioned above. The converse of (2) is easily seen to be false, for if u(x)=x then |grad«| = l so that Aa(u)2-f-\Tr, while S(u)2=t. Thus a converse of (2) would require P(t>C) to be 0 for some C>0. However, P(t>C)>0 for all C>0.
The right-hand side of (1) and inequality (2) hold for harmonic functions in two variables only. Burkholder and Gundy show, in a paper in preparation, that their analogues in higher dimensions are not true.
The half-plane analogue of (2) is the following: Let Px+iy be the probability measure associated with a Brownian motion B(t) started at x+iy, and let rj be the first time B(t) is real. For 0<<r and .y0 real, define R"(x0) to be the cone {x+iy:y~>0, \x-x0\ <oy}. Then there is a positive constant K', depending only on o, such that, for all u harmonic in the upper halfplane and X>0,
We omit the proof, since it is a natural extension of the disc result, using the techniques of [1] . I want to thank Richard F. Gundy for many helpful comments. In the following, Cl5 C2, • ■ ■ stand for positive constants depending at most on a. We use t to indicate the first time a process hits the unit circle. It is assumed with no essential loss of generality that w(0)=0.
If £" denotes expectation taken with respect to the probability distribution associated with a Brownian motion B(t) started at y e D and iff is a Substituting this inequality in (5) we have (6) EJ S--¡\ log(|r -r0|/2) dr P /(reifl) d0, |jr| -r, < 1.
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If lj'l=4 and ^ is the disc of radius f around _y, then /?"<= £)) s0 that, for zei,, gD(z, y)>gRy(z, y)= -\og(4\y-z\¡3).
In particular if \z\£\ then \y-z\<\ and^(z, j)=-log(|), implying 1*1/4 /"2j- Proof. Let g(r) -7" P/*^) d6> 0 < r < 1, g(0) = 1.
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Since p is subharmonic, g(r)_/>(0)=l, 0_r<l, and g is continuous on [0, 1) by the bounded convergence theorem. Therefore ß(rel6) = p(re'e)/g(r) is a nonnegative, continuous function on D such that ß^p and $1* ß(reie) ¿0=1, 0<r<l. We thus have, by (6) and (7) Since p</d, we may take C^min^^, C3¡2C2). The hypotheses of this lemma were simplified to avoid notation. However the analogue of (5) This is discussed in [3] . If y e D(a2k, 2"2k~2) then, since a2k e T2k, y satisfies |j|_l-2_2*+2 and \y-l\^C72"2k, so the Poisson kernel satisfies Let P2k(0, e'e) be the density of B(r)I(p2k<r) under P0. Then since B(p2k) e D(a2k, 2~2k~2), (12), (13), and the strong Markov property imply P2k(0, 1) = E0(P(B(p2k), l)l(p2k < t)) = Cs22kP0(p2k <t)> C¿lkCx2-2k-2ln = Cn.
Since P(0. 1)= 1/2tt. we have that (14) P°0(p.,k < r) = P,k(0, 1)/P(0, 1) = C9/(27r)-1 = C,0. Now if/=2"=i C1g(a2k)2-^I(p2k<r), we have (£»/2)1/2 ^ sup l/l ^ J Cxg(a2k)2-lk-\ *=i while Elf = J g(a2s)2-4fc-4Po(^2fc < t) ^ C10 J g(a2,)2-4J:-4.
